A candidate action for an Exceptional E8 gauge theory of gravity in 8D is constructed. It is obtained by recasting the E8 group as the semi-direct product of GL(8, R) with a deformed Weyl-Heisenberg group associated with canonical-conjugate pairs of vectorial and antisymmetric tensorial generators of rank two and three. Other actions are proposed, like the quartic E8 group-invariant action in 8D associated with the Chern-Simons E8 gauge theory defined on the 7-dim boundary of a 8D bulk. To finalize, it is shown how the E8 gauge theory of gravity can be embedded into a more general extended gravitational theory in Clifford spaces associated with the Cl(16) algebra and providing a solid geometrical program of a grand-unification of gravity with Yang-Mills theories. The key question remains if this novel gravitational model based on gauging the E8 group may still be renormalizable without spoiling unitarity at the quantum level.
Introduction
Exceptional, Jordan, Division and Clifford algebras are deeply related and essential tools in many aspects in Physics [3] , [8] , [9] . Ever since the discovery [1] that 11D supergravity, when dimensionally reduced to an n-dim torus led to maximal supergravity theories with hidden exceptional symmetries E n for n ≤ 8, it has prompted intensive research to explain the higher dimensional origins of these hidden exceptional E n symmetries [2] . More recently, there has been a lot of interest in the infinite-dim hyperbolic Kac-Moody E 10 and non-linearly realized E 11 algebras arising in the asymptotic chaotic oscillatory solutions of Supergravity fields close to cosmological singularities [1] , [2] .
Grand-Unification models in 4D based on the exceptional E 8 Lie algebra have been known for sometime [7] . The supersymmetric E 8 model has more recently been studied as a fermion family and grand unification model [6] under the assumption that there is a vacuum gluino condensate but this condensate is not accompanied by a dynamical generation of a mass gap in the pure E 8 gauge sector. Supersymmetric non-linear σ models of Kahler coset spaces (1) are known to contain three generations of quarks and leptons as (quasi) Nambu-Goldstone superf ields [4] (and references therein). The coset model based on G = E 8 gives rise to 3 left-handed generations assigned to the 16 multiplet of SO (10) , and 1 right-handed generation assigned to the 16 * multiplet of SO (10) . The coset model based on G = E 7 gives rise to 3 generations of quarks and leptons assigned to the 5 * + 10 multiplets of SU (5), and a Higgsino (the fermionic partner of the scalar Higgs) in the 5 representation of SU (5) .
A Chern-Simons E 8 Gauge theory of Gravity proposed in [15] is a unified field theory (at the Planck scale) of a Lanczos-Lovelock Gravitational theory with a E 8 Generalized Yang-Mills (GYM) field theory, and is defined in the 15D boundary of a 16D bulk space. The Exceptional E 8 Geometry of the Clifford (16) Superspace Grand-Unification of Conformal Gravity and Yang-Mills was studied by [16] . In particular, it was discussed how an E 8 Yang-Mills in 8D, after a sequence of symmetry breaking processes E 8 → E 7 → E 6 → SO(8, 2), leads to a Conformal gravitational theory in 8D based on the conformal group SO (8, 2) in 8D. Upon performing a Kaluza-Klein-Batakis [19] compactification on CP 2 , involving a nontrivial torsion, leads to a Conformal Gravity-Yang-Mills unified theory based on the Standard Model group SU (3)×SU (2)×U (1) in 4D. Batakis [19] has shown that, contrary to the standard lore that it is not possible to obtain the Standard Model group from compactifications of 8D to 4D, the inclusion of a nontrivial torsion in the internal CP 2 = SU (3)/SU (2) × U (1) space permits to do so. Furthermore, it was shown [16] how a conformal (super) gravity and (super) Yang-Mills unified theory in any dimension can be embedded into a (super) Clifford-algebra-valued gauge field theory by choosing the appropriate Clifford group.
The action that defines a Chern-Simons E 8 gauge theory of (Euclideanized) Gravity in 15-dim (the boundary of a 16D space) was based on the octic E 8 invariant constructed by [5] and is defined as [15] 
The corresponding number of terms is 6, 11, 12, 5, 2 respectively giving a total of 36 terms for the octic E 8 invariant involving 36 numerical coefficients multiplying the corresponding powers of the E 8 generators. There is an extra term ( giving a total of 37 terms ) with an arbitrary constant multiplying the fourth power of the E 8 quadratic invariant It is the purpose of this work to explore further the Exceptional theories of Gravity based on gauging the E 8 group in 8D and how to embed these theories into generalized theories of gravity in C-spaces (Clifford spaces) providing a solid geometrical program of Grand-Unification of Gravity with the other forces in Nature. Recent approaches to the E 8 group based on Clifford algebras can be found in [11] , [29] .
2 An E 8 Gauge Theory of Gravity in D = 8
We will base our construction of the E 8 Gauge Theory of Gravity in D = 8 on Born's deformed reciprocal complex gravitational theory and Noncommutative Gravity in 4D [18] which was constructed as a local gauge theory of the def ormed Quaplectic group U (1, 3) × s H(4) advanced by [10] , and that was given [18] by the semi-direct product of U (1, 3) with the def ormed (noncommutative) Weyl-Heisenberg group corresponding to noncommutative generators [Z a , Z b ] = 0. To achieve our goal we need to show why the E 8 group can be recast as the semi-direct product of GL(8, R) with a deformed Weyl-Heisenberg group involving canonical-conjugate pairs of vectorial and antisymmetric tenso-rial generators.
The commutation relations of E 8 can be expressed in terms of the 120 SO(16) bivector generators X [IJ] and the 128 SO(16) chiral spinorial generators Y α as [12] (and references therein)
where X IJ = −X JI . It is required to choose a representation of the gamma matrices such that Γ [21] . The E 8 algebra as a sub-algebra of Cl(8) ⊗ Cl (8) is consistent with the SL(8, R) 7-grading decomposition of E 8(8) (with 128 noncompact and 120 compact generators) as shown by [12] . Such SL(8, R) 7-grading is based on the diagonal part [SO(8) × SO(8)] diag ⊂ SO(16) described in full detail by [12] and can be deduced from the Cl(8) ⊗ Cl(8) 7-grading decomposition of E 8 provided by Larsson [11] as follows,
these tensor products of elements of the two factor Cl(8) algebras, described by the subscripts (1), (2) , furnishes the 7 grading of E 8 (8) with 36 independent components, and an anti-symmetric part Y [ab] with 28 independent components. Its trace Y cc = N yields an element N of the Cartan subalgebra such that the degrees −3, −2, −1, 0, 3, 2, 1 of the 7-grading of E 8 (8) can be read from [12] We begin by following very closely [12] by writing the full E 8 commutators in the SL(8, R) basis of [13] , after decomposing the SO (16) (8), respectively, will be denoted by a, α andα. After a triality rotation the SO(8) vector and spinor representations decompose as [12] 16 → 8 s ⊕ 8 c .
(2.5)
respectively. We thus have I = (α,α) and A = (αβ, ab), and the E 8 generators decompose as
Next we regroup these generators as follows. The 63 generators
The generator given by the trace N = Y cc extends this subalgebra to GL(8, R). Γ ab , Γ abc , .. are signed sums of antisymmetrized products of gammas. The remainder of the E 8 Lie algebra then decomposes into the following representations of SL(8, R):
and
It is important to emphasize that
..... and for these reasons one could use the more convenient notation for the generators
which permits to view these doublets of generators (2.11) as pairs of "canonically conjugate variables", and which in turn, allows us to view their commutation relations as a defining a generalized deformed Weyl-Heisenberg algebra with noncommuting coordinates and momenta as shown next. One may now define the pairs of complex generators to be used later
The remaining GL(8, R) = Sl(8, R) × U (1) generators are
The Cartan subalgebra is spanned by the diagonal elements E 
The degree can be read off from
14)
The remaining commutation relations defining the generalized deformed Weyl-Heisenberg algebra involving pairs of canonical conjugate generators are
This last commutator between the pairs of conjugate Z a , Z b generators (like phase space coordinates) yields the deformed Weyl-Heisenberg algebra. The latter algebra is def ormed due to the presence of the E b a generator in the r.h.s of (2.15) and also because the N trace generator does not commute with Z a , Z a as seen in (2.14). Similarly, one has the deformed Weyl-Heisenberg algebra among the pairs of conjugate Z ab , Z ab antisymmetric rank-two tensorial generators (like tensorial phase space coordinates)
The commutators among the pairs of conjugate and noncommuting E abc , E abc antisymmetric rank-three generators (like noncommuting tensorial phase space coordinates) are
The other commutators among the generalized antisymmetric tensorial generators are
21) The homogeneous commutators among the GL(8, R) generators and those belonging to the deformed Weyl-Heisenberg algebra are
Finally, the commutators among the GL(8, R) generators are
The elements {Z a , Z ab } (or equivalently {Z a , Z ab }) span the maximal 36-dimensional abelian nilpotent subalgebra of E 8 [12] , [13] . Finally, the generators are normalized according to the values of the traces given by
with all other traces vanishing.
Using the redefinitions of the generators in eqs-(2.11, 2.12) allows to write the E 8 Hermitian gauge connection associated with the E 8 generators as
where one may set the length scale L = 1, scale that is attached to the vielbeins to match the (length) −1 dimensions of the connection in (2.26). The GL(8, R) components of the E 8 (Hermitian) gauge connection are the (realvalued symmetric) Ω µ ) such that the GL(8, R) Lie-algebra-valued connection i Ω ab µ E ab is Hermitian because the GL(8, R) generators E (ab) , E [ab] , and the remaining ones appearing in the E 8 commutators of eqs-(2.14-2.24), are all chosen to be anti-Hermitian (there are no i factors in the r.h.s of the latter commutators). The (generalized) vielbeins fields are E a µ , E ab µ , E abc µ plus their complex conjugates. These (generalized) vielbeins fields involving antisymmetric tensorial tangent space indices also appear in generalized gravity in Clifford spaces (C-spaces) where one has polyvectorvalued coordinates in the base space and in the tangent space such that the generalized vielbeins are represented by square and rectangular matrices [22] . The trace part N is included in the symmetric shear-like generator E (ab) of Gl(8, R). The rotational part corresponds to E [ab] .
The E 8 (Hermitian) field strength (in natural unitsh = c = 1) is
where the indices A = 1, 2, 3, ......248 are spanned by the 248 generators
giving a total of 8 + 8 + 28 + 28 + 56 + 56 + 36 + 28 = 248, respectively.
The structure constants are determined by the commutators eqs-(2.14-2.24) in terms of the redefinitions of the generators in eqs-(2.11, 2.12). It is the GL(8, R) field strength sector of the E 8 field strength the one which is associated with the Hermitian GL(8, R)-valued curvature two form
and whose components are given by
A summation over the repeated c indices is implied and [µν] denotes the antisymmetrization of indices with weight one. One may set the length scale L = 1 (necessary to match dimensions). The components of the (generalized) torsion two-form correspond to the field strength associated with the (generalized) vielbeins
[µ E components (which could play the role of a symplectic structure) associated with the Exceptional E 8 Geometry is defined in terms of the (generalized) complex vielbeins
(2.37) such that (g µν ) † = g µν ⇒ (g µν ) * = g νµ and where the generalized (tangent space) area and volume metrics are given as
(2.38a)
The complex-valued Hermitian curvature tensor is defined
where
The contraction of spacetime indices of the Hermitian curvature tensor with the complex Hermitian metric g µν yields two different complex valued Hermitian Ricci tensors 1 given by
due to the fact that
because g σρ = g ρσ . The position of the indices is crucial. A further contraction yields the generalized (real-valued) Ricci scalars 
where the complex valued torsion tensors are
the complex-valued torsion vectors are
The inverse vielbeins are defined by
and one has the following relationships One should notice the last inequalities because the position of indices is essential as indicated by eq-(2.42). The (real-valued) action, linear in the two (realvalued) Ricci curvature scalars and quadratic in the (real-valued) generalized torsion is of the form
(2.48) The real-valued torsion squared terms can be explictly written as
where κ 2 is the gravitational coupling in 8D of dimensions (length) 6 and a 1 , a 2 , a 3 , a 4 are suitable parameters which can be constrained if one wishes to avoid the presence of tachyons, ghosts and higher order poles in the quantum propagators, in a similar vein as it occurs in nonsymmetric theories of gravity [24] , [25] , [26] , [28] and ordinary metric affine theories of gravity based in gauging the affine group GL(8, R)× s T 8 in 8D which is given as the semi-direct product of GL(8, R) with the translations group [23] .
Curvature squared terms (and higher powers) could be added to the action, and terms involving the nonvanishing nonmetricity tensor as well. For instance, affine theories of gravity are not Riemannian and as such have a nonvanishing nonmetricity tensor Q µνρ = D µ g (νρ) = 0. Since we have now a symmetric and antisymmetric metric g µν = g (µν) + ig [µν] it is possible to still have D µ g (νρ) = 0 and D µ g νρ = 0 simultaneously. Quantum gravity models in 4D based on gauging the (covering of the) GL(4, R) group were shown to be renormalizable [34] , however due to the presence of fourth-derivatives terms in the metric which appeared in the quantum effective action, upon including gauge fixing terms and ghost terms, the prospects of unitarity were spoiled. The key question remains if this novel gravitational model based on gauging the E 8 group may still be renormalizable without spoiling unitarity at the quantum level.
To sum up, the action (2.48) is a candidate action for an Exceptional E 8 gauge theory of gravity in 8D obtained by viewing the E 8 group as the semidirect product of GL(8, R) with a deformed Weyl-Heisenberg group associated with canonical-conjugate vectorial and antisymmetric tensorial generators of rank two and three. The curvature has a dilational, shear and rotational part corresponding to the one dilation generator, 35 shear E (ab) and 28 rotational( Lorentz) E
[ab] generators of GL(8, R). The generalized torsion is the field strength corresponding to the remaining vectorial and tensorial generators. The gauge fields associated with the latter generators are the generalized complex vielbeins from which the complex Hemitian metric in eqs-(2.37, 2.38) with symmetric g (µν) and anti-symmetric g [µν] (Kalb-Ramond like) components is explicitly defined.
As mentioned in the introduction, a Kaluza-Klein-Batakis [19] compactification of an 8D Conformal gravitational theory on an internal four-dim CP 2 space , involving a nontrivial torsion, leads to a conformal Gravity-Yang-Mills unified theory based on the Standard Model group SU (3)×SU (2)×U (1) in 4D. For these reasons, the E 8 gauge theory of gravity in 8D constructed here is very appealing. We will discuss in the next section how the inherent E 8 Geometry present in the action (2.48) can be seen as a particular case of a more general Clifford space gravity associated with the Clifford algebra Cl(16) in 16D [16] , [22] .
The standard E 8 Yang-Mills action in 8D associated with the field strengths in eq-(2.27) and involving the ordinary real symmetric metricĝ µν = e 
The trace operation is performed in the 248-dim adjoint representation and to evaluate the action (2.49) it is more convenient to use the normalization condition of the 248 original anti-Hermitian generators given by eq-(2.25) in terms of the trace operation. The Yang-Mills coupling g 2 has dimensions of (length) 4 in 8D. A topological invariant action based on the quartic E 8 -invariant action in 8D is given by
(2.50) the < ...... > operation involves the existence of a quartic E 8 group invariant tensor that allows us to contract group indices and which contains powers of the 120 SO (16) bivectors X IJ and the chiral spinorial Y α generators. A dimensionless factor in front of the integral can be included. The action (2.50) is locally a total derivative and since the E 8 Lie-algebra valued 8-
, the action locally can always be written as an exact form in terms of an E 8 -valued Chern-Simons 7-form as I 8 = dL CS (A, F), exactly as we did in the 16D case [15] . A generalized Yang-Mills (GYM) action in 8D involving quartic powers of the field strength is
where the < ...... > operation requires again the use of the quartic E 8 groupinvariant tensor in order to contract group indices like the Killing Lie group invariant metric in ordinary quadratic Yang-Mills actions. The Hodge star dual operation is defined in terms of the ordinary real symmetric metricĝ µν of the manifold M 8 . Scalar and spinorial matter fields (minimally coupled to the gauge/geometric fields of the E 8 gauge theory of gravity) can be added to the action (2.48) and their equations of motion can be found, the Noether symmetry currents (associated with conservations laws) can be constructed, etc .... like in the metric affine theories of gravity [23] .
Affine Theories of Extended Gravity in CliffordSpaces
We begin this final section by showing how to embed the E 8 gauge theory of gravity and E 8 Yang-Mills theories into more general actions associated with the gauging of the Cl(16) algebra in 16D. Let us start by constructing the actions associated to the most general Clifford Cl(16) gauge field theory by writing the Cl(16)-valued gauge field
the Cl(16)-algebra-valued field strength ( omitting numerical coefficients attached to the Γ's ) is 
The anti-commutators of the gammas can also be found in [20] , and one has the reciprocal situation as eqs-(3.3), one has instead that for pq = even 
Therefore, one of the most salient features of this work is that the octic E 8 -invariant actions can be embedded into a more general octic Cl(16)-invariant action involving a large number of terms. The octic Cl(16)-invariant action in 16D is of the form
(3.5) where < ....... > denotes the scalar part of the Clifford geometric product associated with the products of the Cl(16) algebra generators. For instance
The integrand of the 16-dim action (3.5) is locally a total derivative and upon integration yields the Chern-Simons Cl(16) gauge theory of gravity in 15D and which is an extension of the action for the Chern-Simons E 8 gauge theory of gravity in 15D described by eq-(1.1) [15] .
A Cl(16)-invariant Yang-Mills action is
where < Γ A Γ B > = G AB 1 denotes the scalar part of the Clifford geometric product of the gammas Γ. There are a total of 2 16 = 65536 terms in Let us extend the above actions to the more general case involving the Cspace (Clifford space) associated with the Cl(16) and Cl (8) algebras. In particular , we will focus on the latter where the 2 8 = 256 components of the Cl(8)-space polyvector X can be expanded as
In order to match dimensions in the expansion (3.10) one requires to introduce powers of a length scale [22] which we could set equal to the Planck scale and set it to unity. In Clifford Phase Spaces [30] one needs two length scales parameters, a lower and an upper scale. The novel affine theories of gravity in the C-space associated with the Cl(8) algebra involves gauging the semi-direct product of the Cl(8) group with the polyvector-valued translation group T in 2 8 = 256 dimensions. An extended theory of gravity in C-spaces was presented by [22] based on generalizations of the Poincare group ( SO(D − 1, 1) × s T D ) to Clifford spaces of dimension 2 D corresponding to polyvector-valued rotations, boosts and translations. The ordinary affine group GL(D, R) × s T D is a further extension of the Poincare group by including the shear transformations in additional to rotations. Therefore, the affine theories of extended gravity in C-spaces proposed here is a further generalization of the C-space gravity results in [22] .
The Cl(8) polyvector-valued gauge connection can be decomposed into symmetric and antisymmetric pieces as as well. The generalized curvature and torsion two-forms in C-space associated with the Cl(8) gauge connection and vielbein one-forms 
where the C-space metric is defined in terms of the vielbein and the 256-dim tangent space metric η AB as
Two important remarks are in order. Firstly, note that there is in general an scalar component in R M when the polyvector-valued index M corresponds to the scalar element of the Clifford algebra as described by the first term in the expansion of the polyvector X in eq-(3.10). Secondly, instead of working with the expressions for the curvature R , Ω
[AB] M which follow explicitly from eq-(3.11). In the latter case one can construct a C-space Ricci curvature and Ricci scalar using the standard contractions
We prefer at the moment to work with eqs- In the traditional description of C-spaces [22] there is one component of the C-space metric G M N = G scalar scalar = Φ corresponding the scalar element of the Clifford algebra that must be included as well. Such scalar component is a dilaton-like Jordan-Brans-Dicke scalar field. In [31] we were able to show how Weyl-geometry solves the riddle of the cosmological constant within the context of a Robertson-Friedmann-Lemaitre-Walker cosmology by coupling the Weyl scalar curvature to the Jordan-Brans-Dicke scalar φ field with a self-interacting potential V (φ) and kinetic terms (D µ φ)(D µ φ). Upon eliminating the Weyl gauge field of dilations A µ from its algebraic (non-propagating) equations of motion, and fixing the Weyl gauge scalings, by setting the scalar field to a constant φ o such that φ 2 o = 1/16πG N , where G N is the present day observed Newtonian constant, we were able to prove that V (φ o ) = 3H in terms of the 256 components of the polyvector X A generalized Einstein-Hilbert gravity action based on gauging the generalized Poincare group in C-spaces was given by [22] where in very special cases the C-space scalar curvature R admits an expansion in terms of sums of powers of the ordinary scalar curvature R , Riemann curvature R µνρσ and Ricci R µν tensor of the underlying Riemannian spacetime manifold. The exterior products of the (Clifford-algebra-valued) spin-connection and vielbein one-forms in Clifford-spaces can also be constructed in Clifford-Superspaces by including both orthogonal and symplectic Clifford algebras and generalizing the Clifford super-differential exterior calculus in ordinary superspace [33] , to the full fledged Clifford-Superspace outlined in [16] . Clifford-Superspace is far richer than ordinary superspace and Clifford-Supergravity involving polyvector-valued extensions of Poincare and (Anti) de Sitter supergravity [27] is far richer than ordinary supergravity. Fermionic matter and scalar-field actions can be constructed in C-spaces in terms of Dirac-Barut-Hestenes spinors as in [22] , [32] .
To finalize we write down the most general extension of the Cl 
